Let k be an algebraically closed field and let A be a finitely generated k−algebra. It is well-known that the scheme Rep n A of the n−dimensional representations of A is smooth for every n when A is formally smooth. Here we prove the smoothness of Rep n A when A satisfies the following hypothesis: Ext 2 A (M, M ) = 0, for any left A−module M which is n−dimensional over k. We call such an algebra finitely unobstructed. Various examples are given and, as an application, we deduce that the Nori -Hilbert scheme of a finitely unobstructed algebra is smooth.
Introduction
Let A be a finitely generated associative k−algebra with k an algebraically closed field. In this paper we study the smoothness of the scheme Rep n A of the n−dimensional linear representations of A.
It is well-known that if A is formally smooth then Rep n A is smooth (see [18, Proposition 19.1.4.] and [28, Proposition 6.3.] ). If A is finite-dimensional then it is formally smooth if and only if it is hereditary (see Lemma 6.6 and Proposition 6.7) and, therefore Rep n A is smooth for all n if and only if A is hereditary (see [3, Proposition 1] ).
In general, there are hereditary (infinite-dimensional) algebras which are not formally smooth (see Remark 6.9) . It is therefore interesting to find other sufficient conditions on A which ensure Rep n A to be smooth for all n. The main result we prove is the following one.
Theorem. Let A be such that Ext It is well-known that Ext 2 A (M, M ) contains the obstructions in extending the infinitesimal deformations of an A−module M to the formal ones. For this reason we call finitely unobstructed an algebra A which satisfies the hypothesis of the Theorem above.
We remark that any hereditary algebra is finitely unobstructed but the converse is not true, e.g. the universal enveloping algebra of a finite-dimensional semisimple Lie algebra is finitely unobstructed but not hereditary if the dimension of the underlying Lie algebra is greater than one. Thus our result extends the known results on the smoothness of Rep n A in the finite-dimensional case. We present two different approaches to obtain this result. The first one uses deformation theory on the module M ∈ Rep As an application of our investigation on the smoothness of Rep n A , we study the Nori -Hilbert scheme Hilb n A whose k−points parameterize left ideals of codimension n of A.
When A is commutative, this is nothing but the classical Hilbert scheme Hilb n X of the n−points on X = Spec A. It is well-known that Hilb n X is smooth when X is a quasi-projective irreducible and smooth curve or surface.
The scheme Hilb n A is smooth when A is formally smooth (see e.g. [28, prop.6.3.] ).
In Theorem 7.9 we prove the smoothness of Hilb n A if A is finitely unobstructed.
The paper goes as follows. In Section 3 we recall the definition of Rep n A as the scheme parametrizing the n−dimensional representations of A.
In Section 4 we give a sufficient condition for a k−point M in Rep n A to be smooth. This is done using the deformation theory on M. We show that, if A is finitely unobstructed, every k−point in M ∈ Rep The above argument is inspired by a similar one due to Geiss and de la Peña (see [15, 16] ), which works for finite-dimensional k−algebras only.
In Section 5 we recall the Harrison cohomology which may be seen as the commutative version of the Hochschild cohomology. We prove that the coordinate ring V n (A) of Rep n A is regular when A is finitely unobstructed. This is done showing that the smoothness of V n (A) is equivalent to the vanishing of Harr 2 (V n (A), f k), for any k-algebra map f : V n (A) → k , and the last condition is implied by the fact that A is finitely unobstructed (see Theorem 5.2 and Theorem 5.3).
In Section 6 we present a list of examples and applications of the results of the previous sections. We recall the notions of formally smooth and hereditary algebra. We mention the known result on the smoothness of Rep n A when A is formally smooth or hereditary and we stress the difference between the finite and the infinite-dimensional case. Then we produce examples of finitely unobstructed algebras (neither hereditary nor formally smooth) whose associate representation scheme is smooth (see Example 6.17) .
In Section 7.1 we first recall the definition of Hilb 
Notations
Unless otherwise stated we adopt the following notations:
• k is an algebraically closed field.
• F = k{x 1 , . . . , x m } denotes the associative free k−algebra on m letters.
• A ∼ = F/J is a finitely generated associative k−algebra.
• N − , C − and Set denote the categories of −algebras, commutative −algebras and sets, respectively.
• The term "A−module" indicates a left A−module.
• -Mod and -Bimod denote the categories of left −modules and −bimodules, respectively.
• we write Hom A (B, C) in a category A with B, C objects in A. If A = A-Mod, then we will write Hom A (−, −).
• A op denotes the opposite algebra of A.
• A e := A ⊗ A op denotes the envelope of A. It is an A−bimodule and a k−algebra. One can identify A-Bimod with A e -Mod and we will do it thoroughly this paper.
• Ext i − ( , ) denotes the Ext groups on the category -Mod.
• H(A, −) denotes the Hochschild cohomology with coefficients in A-Bimod.
The scheme of n−dimensional representations
Denote by M n (B) the full ring of n × n matrices over B, with B a ring. If f : B → C is a ring homomorphism we denote by M n (f ) : M n (B) → M n (C) the homomorphism induced on matrices.
Definition 3.1. Let A ∈ N k , B ∈ C k . By an n-dimensional representation of A over B we mean a homomorphism of k−algebras ρ : A → M n (B).
It is clear that this is equivalent to give an A−module structure on B n . The assignment B → Hom C k (A, M n (B)) defines a covariant functor
This functor is represented by a commutative k−algebra. More precisely, there is the following Lemma 3.2. [11, Lemma 1.2.] For all A ∈ N k and ρ : A → M n (B) a linear representation, there exist a commutative k−algebra V n (A) and a representation
for all B ∈ C k .
Proof. For the reader'sake and also to recall the construction of V n (A) we include here a proof. Consider at first the case A = F. Define V n (F ) := k[ξ lij ] the polynomial ring in variables {ξ lij : i, j = 1, . . . , n, l = 1, . . . , m} over k. To any n−dimensional representation ρ : F → M n (B) it corresponds a unique m−tuple of n × n matrices, namely the images of x 1 , . . . , x m , hence a uniquē [32, 11] we introduce the generic matrices. Let ξ l = (ξ lij ) be the n × n matrix whose (i, j) entry is ξ lij for i, j = 1, . . . , n and l = 1, . . . , m. We call ξ 1 , . . . , ξ m the generic n × n matrices. Consider the map
It is then clear that the map
gives the isomorphism (3.1) in this case. Let now A = F/J be a finitely generated k−algebra and let β :
lifts to one of F by composition with β. This gives a homomorphism
There is then a homomorphism
there is a unique homomorphism of commutative k−algebras
for which the following diagram 
is called the universal n-dimensional representation.
Example 3.4. We collect here some examples. 
The scheme Rep n A is a closed subscheme of Rep
is the commuting scheme, see [36] . Being A finitely generated, Rep n A is of finite type. Note that Rep n A may be quite complicated. It is not reduced in general and it seems to be hopeless to describe the coordinate ring of its reduced structure. The scheme Rep n A is also known as the scheme of n-dimensional A-modules.
Local geometry of Rep n A
In this section we will study conditions for the smoothness of a k−point in Rep n A using deformation theory of finite-dimensional modules.
Let X be a scheme over k. Denote by T x X the tangent space to X at a The following result is well-known Lemma 4.1. [15, 4.4.3 .] Let X be a scheme over k and let x ∈ X(k). Suppose that there exists an open neighbourhood U of x such that for all y ∈ U the following conditions hold:
Then x is a smooth point of X.
n has an A−module structure given by the k−algebras morphism
We write M ∈ Rep n A (k) and T M Rep n A to stress the dependence on M. In this case the tangent space admits a nice description in terms of derivations.
Recall
We denote by Der(A, N ) the vector space of all derivations A → N. A derivation d is inner if there is some n ∈ N with d(a) = an − na, for all a ∈ A. In this case it is customary to write d = ad n . We write Der 0 (A, M ) for the subspace of inner derivations. The subspace Der 0 (A, M ) is the image of the linear map ad : N → Der(A, N ) which is given by n → ad n .
gives the A−mod structure on M. By using q(ab) = q(a)q(b) one can easily see that θ ∈ Der(A, End k (M )). On the other hand, for all θ ∈ Der(A, End k (M )), the pair (θ, µ) gives a point of T M Rep n A in the obvious way.
It is easy to check (see [18, 5.4 .]) that we have the following long exact sequence
It follows that
whence the local dimension of Rep 
.] We have Ext
We recall the definition of deformations of modules M ∈ Rep n A (k). For the general theory on deformations of finite-dimensional modules see [15] and [17] . Let (R, m) be a local commutative k−algebra. Denote A R := A ⊗ R and M R := M ⊗ R. A is generated, as A e −module, by m elements. Therefore there exists a surjective homomorphism ω :
Analogously, we can consider the kernel K of
and construct a surjective homomorphism
with F 1 free A e −module, whose rank may be infinite. Continuing in this way we obtain a projective resolution
By applying Hom A e (−, End k (M )) to the resolution (4.3) we obtain a cochain complex 
By hypothesis Ext
Observe that the functions
are upper semicontinuous for i = 0, 1, 2. Thus, by (4.5) there is an open neigh- 
Thus, the previous result implies that SpecA ab is smooth.
Harrison cohomology
We give here a different proof of our main result using Harrison cohomology. Given a commutative ring R and an R-module N , we denote by Harr * (R, N ) the Harrison cohomology group i.e. the group E * (R, N ) introduced in [21] . Harrison cohomology can be seen as a commutative version of Hochschild cohomology. We here just recall some basic facts. For further details the reader is referred to [41, section 9.3] , where the second commutative Hochschild cohomology group is denoted by H 2 s (R, N ) (the subscript "s" stands for "symmetric"). Given an arbitrary B ∈ N k and a B-bimodule M , a Hochschild 2-cocycle is a k-linear map ω : B⊗B → M such that aω(b⊗c)−ω(ab⊗c)+ω(a⊗bc)−ω(a⊗b)c = 0 for every a, b, c ∈ B. A 2-coboundary is 2-cocycle of the form
is defined to be the quotient of the group of 2-cocycles by the group of 2-coboundaries. The class for ω will be denoted by [ω] . A square-zero extension of B by M is a k-algebra E together with an algebra map p : E → B such that ker(p) is an ideal of square zero (so that ker(p) is a B-bimodule) and an R-bimodule isomorphism of M with ker(p). It is called an Hochschild extension if the short exact sequence 
we say that the extensions (5.1) and (5.2) are equivalent if there is a k-algebra
(note that such a map is necessarily bijective by the short 5-Lemma). A Hochschild extension as in (5.1) is called trivial whenever there is σ as above which is an algebra map.
Let ω : B ⊗B → M be a 2-cocycle. Then we can define the k-algebra B ⊕ ω M to be the direct sum of k-vector spaces B ⊕ M endowed with multiplication and unit ω(1 B , 1 B ) ). Consider now B ∈ C k and a left B-module M . Regard M as a symmetric Bbimodule (i.e. mb = bm for every b ∈ B and m ∈ M ). Then, the construction above can be adapted to the commutative case. The difference is that the commutative Hochschild extension has E commutative and a commutative 2-cocycles is further required to be symmetric in the sense that ω(b⊗b
Then one can define
Also in the commutative case there is a bijective correspondence between the elements of Harr 
Let f :
A → B be an algebra map and let p : E → B be a Hochcschild extension of B with kernel M . Then f has a lifting i.e. there is an algebra map f :
Proof. Take the same proof of [41, Proposition 9.3.3] for our specific M .
For every algebra map f : B → k, denote by f k the corresponding B-module structure on k. Recall that a commutative and noetherian ring R is said to be smooth or regular if the localization at every prime ideal is a regular local ring. (1) V n (A) is smooth.
Proof. Note that k is a perfect field as it is algebraically closed. Set R := V n (A).
(1) ⇒ (2). By [21, Theorem 22] , (1) is equivalent to Harr 2 (R, N ) = 0 for every f.g. R-module N .
(2) ⇒ (1). By the same argument in the first part of the proof of [21, Theorem 22], we just have to prove that Harr 2 (R, R/M ) = 0 for any maximal ideal M of R. Since A is f.g., we know that R = V n (A) is a quotient of a polynomial ring k[x 1 , . . . , x m ] modulo a suitable ideal I (see the proof of Lemma 3.2). Since M is maximal and k is algebraically closed we have R/M ∼ = k. Composing this isomorphism with the canonical projection R → R/M yields an algebra map f : R → k such that R/M ∼ = f k as R-modules. Proof. We want to apply Theorem 5.2. Thus consider a k-algebra map f :
Now we prove that the scheme Rep
We will apply this condition. Set B := V n (A) and let ω : B ⊗ B → f k be a Harrison 2-cocycle. We have to prove that [ω] is trivial in Harr 2 (B, f k) = 0 i.e. that ω is a 2-coboundary. Consider the Hochschild extension associated to ω
where, in order to simplify the notation, we set B ω := B ⊕ ω k. Apply now the functor M n (−) to (5.3) to obtain the Hochschild extension
where we set
is the universal n−dimensional representation of Definition 3.3. Since we proved that H 
Examples and Applications
We recall here some basic concepts in order to list examples and applications of the results proved in Sections 4 and 5. The global dimension of A is a non-negative integer or infinite and it is a homological invariant of the ring. If A is non-commutative, note that the left global dimension can be different from the right global dimension, formed from right A-modules. These two numbers coincide if A is Noetherian (see [7, Cor.2.6.7.]).
Examples

Polynomial rings
Let A = k[x 1 , ..., x n ] be the ring of polynomials in n variables over k. The global dimension of A is equal to n. More generally, if R is a Noetherian ring of finite global dimension n and A = R[x] is a ring of polynomials in one variable over R, then the global dimension of A is equal to n + 1.
Dimension zero
The rings of global dimension zero are the semisimple ones, since for these rings any module is projective (see [6, Theorem 5.2.7.]) The free algebra F has dimension zero.
Dimension one -Hereditary algebras
The global dimension of a ring A is less or equal than 1 if and only if all (left) modules have projective resolutions of length at most 1. These rings are called hereditary. Hereditary rings are for example semisimple rings, principal ideal domains, ring of upper triangular matrices over a division ring. In the commutative case, a hereditary domain is precisely a Dedekind domain (see [6, Section 10.5] ). Thus, the coordinate ring of an affine smooth curve is hereditary.
Path algebras
By a quiver Q we mean a finite directed graph, eventually with multiple edges and self-loops. A path p is a sequence a 1 a 2 ...a m of arrows such that ta i = ha i+1 for i = 1, . . . m − 1, where ta and ha denote the source and the target of an arrow a. For every vertex x in the quiver we define the trivial path i x . The path alegbra kQ of the quiver is the vector space spanned by all paths in the quiver. Multiplication is defined by
for two paths p, q. It is easy to see that the path algebra of a quiver is finitedimensional if and only if the quiver does not contain self-loops and oriented cycles, i.e. paths p such that t p = h p . There exists a standard resolution of length one for modules over a path algebra (see [8] ). Therefore these algebras are hereditary.
Formally smooth algebras
We recall here the notion of formally smooth (or quasi-free) algebra. It provides a generalization for the notion of free algebras, since they behave like a free algebra with respect to nilpotent extensions. We address to [18, 19, 25] for further readings on these topics. [10, 34] ). An associative algebra A ∈ N k is said to be formally smooth (or quasi-free) if it satisfies the equivalent conditions: i) any homomorphism ϕ ∈ Hom N k (A, R/N ) where N is a nilpotent (two-sided) ideal in an algebra R ∈ N k , can be lifted to a homomorphism ϕ ∈ Hom N k (A, R) that commutes with the projection R → R/N. ii) Ext If we substitute A ∈ Ob(C k ) and Hom C k (A, −) in the above, we obtain the classical definition of regularity in the commutative case (see [28, Proposition 4.1.] ). On the other hand, if we ask for a commutative algebra A to be formally smooth in the category N k we obtain regular algebras of dimension ≤ 1 only ([10, Proposition 5.1.]). Thus, If X = SpecA is an affine smooth scheme, then A is not formally smooth unless dim X ≤ 1. A significant result is that if A is formally smooth, then Rep The converse is true in the finite-dimensional case Proposition 6.7. [9, 10] A hereditary finite-dimensional algebra over an algebraically closed field is formally smooth.
Remark 6.8. From Lemma 6.6 it follows that the algebra k[x 1 , . . . , x n ] is not formally smooth for n > 1. In general, the tensor product of two formally smooth algebras is not formally smooth, see Remark 6.16. In the finite-dimensional case all these concepts are equivalent Theorem 6.11. Let A be a finite-dimensional algebra over k. The following assertions are equivalent.
(1) A is formally smooth.
(2) H 2 (A, N ) = 0 for every A-bimodule N which is finite-dimensional over k. We now list some examples and results in the case A finitely generated but not necessarily finite-dimensional.
Example 6.12. Any hereditary algebra is finitely unobstructed.
Example 6.13. By Theorem 4.3, any formally smooth algebra is finitely unobstructed.
In the remaining part of the section k can be any field.
Example 6.14. 1) Assume that g is a semisimple Lie algebra and let U := U (g) be the corresponding universal enveloping algebra. Whitehead's second lemma (see e.g. 
In other words we have that U is finitely unobstructed. If g is finite-dimensional, then U is finitely generated so that, by Theorem 5.3 we conclude that Rep n U is smooth for every n > 0 whenever k is algebraically closed. Note that the smoothness of Rep n U for the universal enveloping algebra of a finite-dimensional semisimple Lie algebra was known, see e.g. the comment by Le Bruyn in [29] .
We point out that g semisimple does not imply that U is formally smooth as one could expect. In fact the global dimension of U is dim k (g) , see [41, Exercise 7.7.2, page 241].
2) More generally, in [42, Theorem 0.2], there is a characterization of all finite-dimensional Lie algebras g over a field k of characteristic zero such that its second cohomology with coefficients in any finite-dimensional module vanishes. Such a Lie algebra is one of the following: (i) a one-dimensional Lie algebra; (ii) a semisimple Lie algebra; (iii) the direct sum of a semisimple Lie algebra and a one-dimensional Lie algebra. Note that a one-dimensional Lie algebra g is not semisimple as [g, g] = 0 = g (cf. [22, Corollary at page 23]). The same argument as above shows that the universal enveloping algebras of all of these Lie algebras are finitely unobstructed.
The proof of the following result is analogous to the one of [10, Proposition 5.3(4) ]. For the reader sake, we include it here.
Example 6.17. 1) Let A be a finitely unobstructed algebra and let S be a separable algebra (see [10, 2) Let A be finitely unobstructed algebra and S a separable algebra, then Rep n A⊗S is smooth. This follows from Proposition 6.15 and example 1).
3) Let g be a semisimple Lie algebra and assume char(k) = 0. As observed in Example 6.14, the universal enveloping algebra U := U (g) is finitely unobstructed. Moreover Whitehead's first lemma [41, Corollary 7.8.10] ensures that H 1 Lie (g, N ) = 0 for every g-module N of finite dimension over k so that, by the same argument used in Example 6.14 for the second group of cohomology, we obtain Ext The proof of the following result is analogous to the one of [10, Proposition 5.3(3) ]. For the reader sake we include it here.
Proposition 6.19. Let A be a finitely unobstructed algebra over a field k. Then the tensor algebra T A (P ) is finitely unobstructed for every A-bimodule P which is projective with respect to any surjective morphism of A-bimodules with kernel End k (M ) where M is an arbitrary left A-module which is finite-dimensional over k.
Proof. Let M be an arbitrary left T A (P )-module which is finite-dimensional over k and set N = End k (M ). It suffices to prove that any Hochschild extension of T A (P ) with kernel N is trivial. Consider such an extension:
Since A is finitely unobstructed, by Proposition 5.1, we have a lifting σ A of the canonical inclusion σ A . By means of σ A we have that E becomes an A-bimodule and p an A-bimodule map. Since M is also a left A-module through σ A , then the projectivity of P yields an A-bimodule map σ P , as in the diagram above, such that p • σ P = σ P , the latter being the canonical inclusion of P . Now, by the universal property of the tensor algebra, there is a unique algebra map σ : T A (P ) → E such that σ • σ A = σ A and σ • σ P = σ P . It is easy to check that p • σ = Id TA(P ) .
Example 6.20. Let A be a finitely unobstructed algebra over a field k. Let Ω 
Nori -Hilbert schemes
In this paper the Nori -Hilbert scheme is the representing scheme of a functor of points C k → Set, which is given on objects by
is a projective B − module of rank n}.
where A ∈ N k , B ∈ C k . Hilb n A is a closed subfunctor of the Grassmannian functor, so it is representable by a scheme (see [39] ,Proposition 2). It is also called the non commutative Hilbert scheme (see [14, 33] ).
Nori introduced this functor in [31] for A = Z{x 1 , . . . , x m }. The scheme Hilb n A was then defined in a more general setting in [39] and in [33] . It was also referred as Brauer-Severi scheme of A in [27, 28, 35] in analogy with the classical Brauer-Severi varieties parameterizing left ideals of codimension n of central simple algebras (see [1] ). A generalization of the Hilbert to Chow morphism has been studied in [14] by using the results of the second author [36, 37, 38] . Van den Bergh showed that for A = F the scheme Hilb n F is smooth of dimension n 2 (m − 1) + n, (see [39] ). We address the interested reader to [38] for a survey on these topics.
Hilbert schemes of n−points.
Let now A be commutative and X = SpecA. The k−points of Hilb n A parameterize zero-dimensional subschemes Y ⊂ X of length n. It is the simplest case of Hilbert scheme parameterizing closed subschemes of X with fixed Hilbert polynomial P, in this case P is the constant polynomial n. The scheme Hilb n A is usually called the Hilbert scheme of n−points on X (see for example Chapter 7 in [4, 23] and Chapter 1 in [30] ). The Hilbert scheme of n-points of a smooth quasi-projective curve is smooth. Theorem 7.1. (see [12, 24, 13] ) If X is an irreducible and smooth curve, then the Hilbert scheme of the n−points over X is non singular and irreducible of dimension n. This important result is based on the connectedness of the Hilbert scheme and on the existence of an open non singular subset of known dimension n. The Serre Duality Theorem is the key tool to prove that the tangent space has constant dimension n. With the result of the previous section we are ready to prove the smoothness of Hilb n A if A is finitely unobstructed. 
An open subscheme in Rep
Actions and quotients
Let now G be the general linear group scheme over k whose B−points form the group GL n (B) of n × n invertible matrices with entries in B. Let A n k be the n−dimensional affine scheme over k. Theorem 7.9. Let A be a finitely unobstructed and finitely generated k-algebra, then Hilb n A is smooth.
Proof. It follows from Corollary 7.8 and Theorem 4.6.
Remark 7.10. If A is commutative and noetherian, the previous result is analogous to Theorem 7.1, since hereditary algebras are always regular (see Corollary [26, 5 .92])). They are precisely the coordinate rings of smooth affine curves (see Example 6.1.3 ).
